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DIAGONAL ODD-REGULAR TERNARY QUADRATIC FORMS
MINGYU KIM
Abstract. A (positive definite primitive integral) quadratic form is called
odd-regular if it represents every odd positive integer which is locally repre-
sented. In this paper, we show that there are at most 147 diagonal odd-regular
ternary quadratic forms and prove the odd-regularities of all but 6 candidates.
1. Introduction
In this paper, a quadratic form
fpx1, x2, . . . , xnq “
ÿ
1ďiďjďn
fijxixj pfij P Zq
always refers to a positive definite (non-classic) integral quadratic form that is
primitive in the sense that the coefficients of the quadratic form are coprime, that
is,
pf11, . . . , fij , . . . , fnnq “ 1.
We say that f is regular if it represents every integer which is represented by
its genus. Jones and Pall [3] gave the list of all diagonal regular ternary quadratic
forms. Watson proved in his thesis [16] that there are only finitely many equivalence
classes of regular ternary quadratic forms. Jagy, Kaplansky and Schiemann [2]
succeeded Watson’s study on regular quadratic forms and provide the list of 913
candidates of regular ternary quadratic forms. All but 22 of them are already
proved to be regular at that time. Oh [12] proved the regularities of 8 forms among
remaining 22 candidates. A conditional proof for the remaining 14 candidates under
the Generalized Riemann Hypothesis was given by Lemke Oliver [10].
For a positive integer d and a nonnegative integer a, define a set
Sd,a “ tdn` a : n P Zě0u.
In [13], the notion of Sd,a-regularity is introduced. A positive definite integral
quadratic form f is called Sd,a-regular if the following two conditions hold;
(i) f represents every integer in the set Sd,a which is represented by its genus;
(ii) the genus of f represents at least one integer in Sd,a.
In the same paper, it was proved that there is a polynomial Rpx, yq P Qpx, yq such
that the discriminant df of any Sd,a-regular ternary quadratic form f is bounded by
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Rpd, aq. This implies the finiteness of the Sd,a-regular ternary quadratic forms (up
to equivalence) for any given d and a. We say that a quadratic form f is odd-regular
if it is S2,1-regular.
Kaplansky [6] showed that there are exactly 3 diagonal ternary quadratic forms
that represent all odd positive integers. They are
x2 ` y2 ` 2z2, x2 ` 2y2 ` 3z2, x2 ` 2y2 ` 4z2
and by definition, all of these forms are odd-regular. Note that the above three
forms are regular and thus contained in the list of 102 diagonal regular ternary
quadratic forms given in [3].
In this article, we show that there are at most 147 diagonal odd-regular ternary
quadratic forms and prove the regularities of all but 6 candidates. Since all diagonal
regular ternary quadratic forms are odd-regular, we actually show that there are
at most 45 diagonal odd-regular ternary quadratic forms which are not regular and
prove the odd-regularities of 39 forms. To bound the discriminant of a diagonal odd-
regular ternary quadratic forms, we compute some quantities on the representation
of primes in an arithmetic progression by a binary quadratic form.
In 1840, Dirichlet conjectured that any binary quadratic form representing an
integer in a given arithmetic progression represents infinitely many primes in that
arithmetic progression. The conjecture was proved by Meyer [11]. Later in 2003,
Halter-Koch [1, Proposition 1] showed that if a binary quadratic form represents an
integer in a given arithmetic progression, then the set of primes in the arithmetic
progression represented by the binary quadratic form has positive Dirichlet density.
For a Z-lattice L “ Zx1 ` Zx2 ` ¨ ¨ ¨ ` Zxk, the matrix presentation ML of L is
the matrix
ML “ pBpxi, xjqq1ďi,jďk,
and the corresponding quadratic form is defined as
kÿ
i,j“1
Bpxi, xjqxixj .
The determinant of the matrix Bppxi, xjqq is called the discriminant of L and will
be denoted by dL as usual. If L admits an orthogonal basis tx1, x2, . . . , xku, then
we simply write
L » xQpx1q, Qpx2q, . . . , Qpxkqy.
For an integer a and a Z-lattice L, we write a ÝÑ L if a is represented by L and
a XÝÑ L otherwise. We denote by genpLq the genus of L. In this article, we abuse
the notation when we explicitly write down the isometry classes in genpLq. For
example, we just write
genpLq “ tL,Mu
when the class number hpLq of L is two and the genus mate of L isM . We also write
a ÝÑ genpLq when a is represented by the genus of L. The set of all nonnegative
integers represented by L will be denoted by QpLq. The scale ideal and norm
ideal of L is denoted by spLq and npLq, respectively. Throughout the paper, we
always assume that every Z-lattice is positive definite and primitive in the sense
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that npLq “ Z. So the scale ideal spLq is 1
2
Z or Z. For an odd prime p, we denote
by ∆p a non-square unit in Z
ˆ
p . Any unexplained notations and terminologies can
be found in [9] or [15].
2. Stability
Let m be a positive integer and let L be a Z-lattice. We define the Watson
transformation of L modulo m to be
ΛmpLq “ tx P L : Qpx` zq ” Qpzq pmod mq for any z P Lu.
We denote by λmpLq the primitive Z-lattice obtained from ΛmpLq by scaling the
quadratic space QbZ L by a suitable rational number.
Lemma 2.1. Let p be an odd prime. Let L be a diagonal odd-regular ternary Z-
lattice such that the unimodular component of Lp is anisotropic. Then λppLq is also
a diagonal odd-regular ternary Z-lattice.
Proof. Let
L “ xa, prb, pscy
such that pp, abcq “ 1 and 0 ď r ď s. Since the other cases may be treated
in a similar manner, we only consider the case when r “ 0 and s ě 2. Then
λppLq » xa, b, ps´2cy. Let n be a nonnegative integer such that
2n` 1 ÝÑ genpxa, b, ps´2cyq.
Then
p2p2n` 1q ÝÑ genpxp2a, p2b, pscyq
and thus
p2p2n` 1q ÝÑ genpxa, b, pscyq.
Since L is odd-regular, there is a vector px, y, zq P Z3 such that
p2p2n` 1q “ ax2 ` by2 ` pscz2.
Since the binary Z-lattice xa, by is anisotropic over Zp by assumption, we have
x ” y ” 0 pmod pq. Thus
2n` 1 “ a
ˆ
x
p
˙2
` b
ˆ
y
p
˙2
` ps´2cz2.
This completes the proof. 
Let L be a ternary Z-lattice and let p be an odd prime. We say that L is p-stable
if one of the following holds;
(i) x1,´1y ÝÑ Lp;
(ii) Lp » x1,´∆py K xpǫpy for some ǫp P Zˆp .
We say that L is stable if it is p-stable for any odd prime p.
Let L “ xa, b, cy be a diagonal odd-regular ternary Z-lattice. Then Lemma
2.1 says that we may obtain a diagonal stable odd-regular ternary Z-lattice L1 “
xa1, b1, c1y from L by taking λq-transformations several times, if necessary, for suit-
able odd prime divisors q of the discriminant of L.
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Lemma 2.2. Let L be a stable odd-regular ternary Z-lattice and let n be a positive
odd integer represented by L2. If n is not represented by L, then there is an odd
prime divisor p of n such that L is anisotropic over Zp.
Proof. Since L is stable, Lq represents any γ P Zq (γ P Zˆq ) if q is an odd prime over
which L is isotropic (anisotropic, respectively). Assume to the contrary that there
is no prime divisor p of n such that L is anisotropic over Zp. Then n is represented
by Lq for any odd prime q. Thus n is an odd positive integer which is locally
represented by an odd-regular Z-lattice L. It follows that n must be represented
by L, which is absurd. This completes the proof. 
Lemma 2.3. Let w be an odd integer and let p be an odd prime. Let L “ xa, b, cy be
a diagonal ternary Z-lattice which is p-stable and anisotropic over Zp. Then there
is an integer g satisfying the followings;
(i) 0 ď g ă p2.
(ii) 8g ` w XÝÑ xa, by over Zp.
(iii) 8g ` w ÝÑ xa, b, cy over Zp.
(iv) ordpp8g ` wq ď 1.
Proof. First, assume that p divides c. Since xa, by is isometric to x1,´∆py over Zp,
any element γ P Zp with ordpγ ” 1 pmod 2q is not represented by xa, by over Zp.
We take an integer g1 with 0 ď g1 ă p2 such that 8g1 ` w ” c pmod p2q. Clearly,
g1 satisfies all of the above conditions. Next, assume that p divides ab. Without
loss of generality, we may assume that p divides b. We take an integer g2 with
0 ď g2 ă p such that ˆ
8g2 ` w
p
˙
“ ´
ˆ
a
p
˙
,
where p ¨
p
q is the Legendre symbol. Then one may easily check that g2 satisfies all
of the conditions. This completes the proof. 
Lemma 2.4. For an integer s greater than 1, let p1 ă p2 ă ¨ ¨ ¨ ă ps be odd primes.
Let u be an integer with pu, p1p2 ¨ ¨ ¨ psq “ 1 and let v be an arbitrary integer. Then
there is an integer n with 0 ď n ă ps` 2q2s´1 such that pun` v, p1p2 ¨ ¨ ¨ psq “ 1.
Proof. This is nothing but [8, Lemma 3.1] and is a direct consequence of [7, Lemma
3]. 
Lemma 2.5. Let qk denote the k-th odd prime so that tq1 “ 3 ă q2 “ 5 ă q3 “ 7 ă
¨ ¨ ¨ u is the set of odd primes. Let N P N and δ P t0, 1, 2, 3u. Suppose that w is an
integer greater than max p4, 2δq such that q2δ`1q2δ`2 ¨ ¨ ¨ qw ą N ¨
`pw ` 1q2w`1˘δ.
If p1 ă p2 ă ¨ ¨ ¨ ă ps are odd primes satisfying p1p2 ¨ ¨ ¨ ps ď N ¨
`
p21ps` 1q2s`1
˘δ
,
then we have s ď w ´ 1.
Proof. Assume to the contrary that s ě w. Since
qi ě q6 “ 17 ą
ˆ
7
6
¨ 2
˙3
ě
ˆ
i` 1
i
¨ 2
˙δ
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for any i ě w ` 1, one may easily deduce from the choice of the integer w that
q2δ`1q2δ`2 ¨ ¨ ¨ qs ą N ¨
`ps` 1q2s`1˘δ .
Since pi ě qi for any i, we have
p1p2 ¨ ¨ ¨ ps ě p2δ1 ¨ p2δ`1p2δ`2 ¨ ¨ ¨ ps
ě p2δ1 ¨ q2δ`1q2δ`2 ¨ ¨ ¨ qs
ą p2δ1 ¨N ¨
`ps` 1q2s`1˘δ .
This is a contradiction. 
For some N and δ, we compute the smallest positive integer w satisfying the
conditions of Lemma 2.5 and the results sorted in order of appearance in this
article are given in Table 1.
Table 1.
N δ w
1 3 21
1 2 11
257 1 8
193 ¨ 401 0 6
16 1 6
419 ¨ 443 1 10
139 ¨ 163 ¨ 443 0 8
389 ¨ 397 1 10
157 ¨ 173 ¨ 541 0 8
431 ¨ 439 1 10
167 ¨ 191 ¨ 431 0 8
3. Representations of odd primes in an arithmetic progression
For relatively prime positive integers u and v, we define a set P pu, vq to be the
set of all odd primes in the arithmetic progression tun ` vuně0. Notice that v
may be greater than u. A binary quadratic form M is called P pu, vq-universal if it
represents every element of P pu, vq. As noted in [5], one may see that
P pu, vq “
#
P p2u, vq if u ” v ” 1 pmod 2q,
P p2u, u` vq if u ” 1, v ” 0 pmod 2q.
Thus we consider the P pu, vq-universality only when u is even and v is odd. We fix
the following notations throughout this section. In the following two lemmas, we
letM be a positive definite integral primitive binary quadratic form ax2`bxy`cy2
and put D “ DpMq “ b2 ´ 4ac so that DpMq “ ´4dM . The product of all odd
prime divisors of D will be denoted by D˚.
The proof of the following lemma is an easy modification of the proofs of Theo-
rems 1,2 in [5] but we provide the proof for completeness.
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Lemma 3.1. Assume that M is P pu, vq-universal for some relatively prime positive
integers u, v with u even and v odd. Then the class number hpMq of M is 1 and u
is divisible by D˚. Furthermore, M is P pu, v1q-universal, where v1 is the smallest
positive integer satisfying v1 ” v pmod uq.
Proof. Suppose that hpMq ą 1. Then we can pick a binary Z-lattice N P genpMq
which is not isometric toM . Since all primes in P pu, vq are represented by the genus
of M , it follows that N represents infinitely many primes in P pu, vq by Meyer’s
theorem [11]. So there is a prime p P P pu, vq which is represented by both M
and N . Since dM “ dN , one may easily show that this implies that M and N are
isometric. This contradicts to our choice of N and thus we have hpMq “ 1. Assume
to the contrary that there is an odd prime divisor p of D such that pp, uq “ 1. Since
p divides dM , we may take a positive integer n1 with pp, un1 ` vq “ 1 such that
un1 ` v XÝÑ M over Zp. Since pup, un1 ` vq “ 1, there are infinitely many primes
in the arithmetic progression upn` pun1 ` vq by Dirichlet’s theorem on arithmetic
progression. These primes are in P pu, vq and not represented byM which is absurd.
Thus u is divisible by D˚. From this, one may easily show that pq, 2Dq “ 1 for any
prime q P P pu, vq. Since we already have seen that hpMq “ 1, one may easily check
that M is P pu, v1q-universal. This completes the proof. 
From Lemma 3.1, we immediately have
Lemma 3.2. Let u and v be relatively prime positive integers with u even and
v odd. Assume that M is not P pu, vq-universal. Then there are infinitely many
primes in P pu, vq which are not represented by M .
Now we introduce a notion which will be used throughout the paper. For each
η P t1, 3, 5, 7u, we denote by qη,i the i-th prime in P p8, ηq so that P p8, ηq “ tqη,1 ă
qη,2 ă qη,3 ă ¨ ¨ ¨ u. For example, q1,1 “ 17, q1,2 “ 41, q1,3 “ 73, ¨ ¨ ¨ . We also
define Up8, ηq to be the set of (equivalence classes of) all P p8, ηq-universal diagonal
binary quadratic forms. For positive integers i, j, u, v, w and η P t1, 3, 5, 7u with
restrictions i ď j and u ď v, we define
ξηpi, j;wq “ |tk P N : qη,k ÝÑ xi, jy, k ď wu|
and we put
ψηpu, v;wq “ max tξηpi, j;wq : 1 ď i ď u, i ď j ď v, xi, jy R Up8, ηqu .
Lemma 3.3. Let h be a positive integer and let η P t1, 3, 5, 7u. Then there is an
integer s such that ψηpqη,h`1, qη,h`2; sq ă s´ h.
Proof. Let K be the set defined by
K “ tpi, jq : 1 ď i ď qη,h`1, i ď j ď qη,h`2, xi, jy R Up8, ηqu.
For any pi, jq P K,
w ´ ξηpi, j;wq ÝÑ 8 as w ÝÑ 8
by Lemma 3.2 and thus there is an integer sij such that
sij ´ ξηpi, j; sijq ą h.
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If we take
s “ maxtsij : pi, jq P Ku,
then we have
s´ ξηpi, j; sq ą h
for any pi, jq P K. Thus
s´ ψηpqη,h`1, qη,h`2; sq ą h
and this completes the proof. 
Given η, u, v and w, one may easily compute ψηpu, v;wq with the help of com-
puter. We provide the results for some quadruples pη, u, v, wq in Table 2. Again,
the quadruples are sorted in order of appearance in this paper.
Table 2. ψηpu, v;wq for some η, u, v and w.
pη, u, v, wq ψηpu, v;wq
p1, 1, 193, 16q 8
p1, 1, 73, 5q 2
p3, 139, 163, 22q 12
p3, 107, 131, 20q 12
p3, 67, 83, 15q 9
p3, 59, 67, 12q 7
p5, 157, 173, 26q 16
p5, 53, 61, 13q 8
p7, 167, 191, 21q 11
p7, 127, 151, 17q 9
p7, 71, 79, 12q 7
The following is well-known but we provide the simple proof for completeness.
Proposition 3.4. For each η P t1, 3, 5, 7u, the set Up8, ηq of all P p8, ηq-universal
diagonal binary quadratic forms is as in Table 3.
Table 3.
η Up8, ηq
1 tx1, 1y, x1, 2y, x1, 4y, x1, 8y, x1, 16yu
3 tx1, 2yu
5 tx1, 1y, x1, 4yu
7 H
Proof. Let η P t1, 3, 5, 7u and letK be a P p8, ηq-universal diagonal binary quadratic
form. By Lemma 3.1, the discriminant dK of K is a power of 2. This implies that
K is isometric to x1, 2ky for some nonnegative integer k. Note that the class number
h
`x1, 2ky˘ is 1 if and only if 0 ď k ď 4. Now the proof of P p8, ηq-universality of
each forms in the table is straightforward. This completes the proof. 
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4. Diagonal stable odd-regular ternary quadratic forms
In this section, we prove that there are exactly 8 diagonal stable odd-regular
ternary quadratic forms which are not regular. We fix some notations that will
be used throughout the section. We denote by qk the k-th odd prime so that
P :“ tq1 “ 3 ă q2 “ 5 ă q3 “ 7 ă ¨ ¨ ¨ u is the set of odd primes. Clearly, we have
P “ P p8, 1qYP p8, 3qYP p8, 5qYP p8, 7q. Let L “ xa, b, cy pa ď b ď cq be a diagonal
stable odd-regular ternary quadratic form and let T be the set of all odd primes at
which L is anisotropic. It is well known that T is always finite and thus we write
T “ tp1 ă p2 ă ¨ ¨ ¨ ă ptu
so that t “ |T |. For η “ 1, 3, 5, 7, we let Tη “ T XP p8, ηq and denote the cardinality
of Tη by tη. Clearly, we have tη ď t for any η. Since L is primitive, at least one of
a, b and c is odd. It follows that there is an odd integer α P t1, 3, 5, 7u such that
8n` α ÝÑ xa, b, cy over Z2
for any nonnegative integer n.
Lemma 4.1. Under the same notations given above, we have c ă p21pt` 1q2t`1.
Proof. We first use Lemma 2.3 when w “ α and p “ p1 to take an integer g
satisfying all the conditions in Lemma 2.3. Next, use Lemma 2.4 in the case of
u “ 8p21, v “ 8g`α and odd primes p2 ă p3 ă ¨ ¨ ¨ ă pt to obtain an integer h with
0 ď h ă pt`1q2t´2 such that p8p21h`8g`α, p2p3 ¨ ¨ ¨ ptq “ 1. If we put k “ p21h`g,
then from our choice of g and h, one may easily see that
8k ` α XÝÑ xa, by and 8k ` α ÝÑ genpxa, b, cyq.
From this and the odd-regularity of xa, b, cy follows that there exists a vector
px, y, zq P Z3 with z ‰ 0 such that
ax2 ` by2 ` cz2 “ 8k ` α.
So we have c ď 8k ` α. Since k ď pp21pt` 1q2t´2 ´ 1q and α ď 7, we get
c ď 8k ` α
ď 8pp21pt` 1q2t´2 ´ 1q ` 7
ă 8p21pt` 1q2t´2.
This completes the proof. 
Lemma 4.2. Under the same notations given above, we have t ď 20.
Proof. By Lemma 4.1, we get
p1p2 ¨ ¨ ¨ pt ď abc ď c3 ă pp21pt` 1q2t`1q3.
By a direct calculation, one may easily check that w “ 21 satisfies the inequality
q7q8 ¨ ¨ ¨ qw ą
`pw ` 1q2w`1˘3 .
Now the lemma follows from Lemma 2.5. 
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In the following lemma, the function ψηpu, v;wq is the function defined in Section
3.
Lemma 4.3. Let h be an integer greater than or equal to tα. Then we have
(i) for any integer s ą h, at least s´ h primes in the set tqα,1, qα,2, . . . , qα,su are
represented by xa, b, cy;
(ii) a ď qα,h`1 and b ď qα,h`2;
(iii) if a “ 1, then b ď qα,h`1;
(iv) if s is an integer such that ψαpqα,h`1, qα,h`2; sq ă s´ h, then either xa, by is
P p8, αq-universal or c ď qα,s.
Proof. (i) Let s be an integer greater than h. Note that
qα,i ÝÑ xa, b, cy over Z2
for any i “ 1, 2, . . . , s by our choice of α. If
qα,i XÝÑ xa, b, cy,
for some i with 1 ď i ď s, then we have qα,i P Tα by Lemma 2.2. Thus xa, b, cy
represents at least s´ tα primes in the set tqα,i : 1 ď i ď su. Since h ě tα, we have
the assertion.
(ii) From (i) with s “ h` 1, it follows that there is an integer i with 1 ď i ď h` 1
such that qα,i ÝÑ xa, b, cy. Thus we have a ď qα,i ď qα,h`1 since we are assuming
a ď b ď c throughout this section. Again from (i) with s “ h` 2, we see that there
are two distinct integers j and k with 1 ď j ă k ď h ` 2 such that both qα,j and
qα,k are represented by xa, b, cy. Assume to the contrary that b ą qα,h`2. Then two
distinct primes qα,j and qα,k must be represented by the unary quadratic form xay,
which is absurd. Thus we have b ď qα,h`2.
(iii) As in the proof of (ii), we have
qα,i ÝÑ xa, b, cy
for some i with 1 ď i ď h ` 1. If b ą qα,h`1, then we have qα,i ÝÑ x1y, which is
absurd. Thus b ď qα,h`1.
(iv) Let s be an integer such that
(4.1) ψαpqα,h`1, qα,h`2; sq ă s´ h.
Assume to the contrary that xa, by is not P p8, αq-universal and c ą qα,s. If we
define a set V by
V “ tqα,i : qα,i ÝÑ xa, b, cy, 1 ď i ď su ,
then we have |V | ě s´h by (i). Since c ą qα,s, every prime in V must be represented
by xa, by. It follows from this and (ii) that
ψαpqα,h`1, qα,h`2; sq ě s´ h
which contradicts to Equation (4.1). This completes the proof. 
Note that the following 4 lemmas follow from repeated application of Lemma 2.5
and Lemmas 4.1-4.3.
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Lemma 4.4. Assume that 1 is represented by L “ xa, b, cy over Z2. Then we have
pa, b, cq P tp1, 4, 5q, p1, 2, 24q, p1, 6, 8q, p1, 5, 12q, p1, 4, 21qu
or L is regular.
Proof. Since L is stable and 1 ÝÑ L2, we have 1 ÝÑ genpLq. Now the odd-
regularity of L forces that 1 ÝÑ L and thus we have a “ 1.
First, we assume that b R t1, 2, 4, 8, 16u so that x1, by is not P p8, 1q-universal by
Proposition 3.4. By Lemma 4.1, we have
p1p2 ¨ ¨ ¨ pt ď abc ă pp21pt` 1q2t`1q2.
Now Lemma 2.5 with w “ 11 implies t ď 10. Note that t1 ď t ď 10. By Lemma
4.3(iii) with h “ 10, we have
b ď q1,11 “ 257.
Again by Lemma 4.1, we get
p1p2 ¨ ¨ ¨ pt ď abc ă 257 ¨ pp21pt` 1q2t`1q
and from this and Lemma 2.5 with w “ 8 follows that t ď 7. By Lemma 4.3(iii)
with h “ 7, we have b ď q1,8 “ 193. Since t ď 7, it follows from Lemma 4.3(i) that
L represents at least 9 primes in the set tq1,i : 1 ď i ď 16u. However, one may
easily check that
ψ1p1, 193; 16q “ 8,
which means that
|tk : q1,k ÝÑ x1, jy, 1 ď k ď 16u| ď 8
for any j in the set
J :“ t1 ď j ď 193 : j ‰ 1, 2, 4, 8, 16u.
Since b P J and L must represent at least 9 primes in the set tq1,i : 1 ď 1 ď 16u,
we have c ď q1,16 “ 401. Now since
p1p2 . . . pt ď abc ď 193 ¨ 401,
we have t ď 5 by Lemma 2.5. It follows from Lemma 4.3(iii) that b ď q1,6 “ 113.
Since q1,1 ¨ q1,2 “ 17 ¨ 41 ą 401, we have
|ti P N : q1,i|bu| ď 1 and |ti P N : q1,i|cu| ď 1.
From this follows that |ti P N : q1,i|abcu| ď 2, and this implies t1 ď 2. So we have
b ď q1,3 “ 73 by Lemma 4.3(iii), and L must represent at least 3 primes in the set
tq1,i : 1 ď i ď 5u by Lemma 4.3(i). However, one may easily check that
ψ1p1, 73; 5q “ 2
and thus we have c ď q1,5 “ 97. Now with the help of computer, one may check
that pb, cq P tp6, 8q, p5, 12qu or x1, b, cy is regular.
Next, we assume that b P t1, 2, 4, 8, 16u. From Lemma 4.1 follows that
p1p2 ¨ ¨ ¨ pt ď abc ă 16 ¨ pp21pt` 1q2t`1q.
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By Lemma 2.5, we have t ď 5. We assert that c ď 1633. Assume to the contrary
that c ą 1633. We deal with the case of b P t1, 4, 16u first.
(i) b P t1, 4, 16u.
Let E “ t201, 553, 649, 817, 1457, 1633u. Note that any element e in the set E is
congruent to 1 modulo 8 and is not represented by x1, by. Since c ą 1633, any
element of E is not represented by x1, b, cy. Since x1, b, cy is stable odd-regular,
there must be an odd prime p P T such that p divides e by Lemma 2.2. Since the
elements of E are mutually coprime, there should be at least six odd primes in T ,
which is absurd.
(ii) b P t2, 8u.
Let F “ t305, 553, 689, 1073, 1457, 1633u. Similarly to the case of b P t1, 4, 16u, one
may easily deduce a contradiction by considering the set F in place of E.
Thus we proved the assertion that c ď 1633. Now with the help of computer,
one may easily check that pb, cq P tp4, 5q, p2, 24q, p4, 21qu or x1, b, cy is regular. This
completes the proof. 
Lemma 4.5. Assume that, over Z2, L “ xa, b, cy does not represent 1 and does
represent 3. Then we have pa, b, cq P tp3, 4, 7q, p5, 6, 8qu or L is regular.
Proof. We have t ď 20 by Lemma 4.2. So Lemma 4.3(ii) implies that
a ď q3,21 “ 419 and b ď q3,22 “ 443.
Now Lemma 4.1 implies
p1p2 ¨ ¨ ¨ pt ď abc ă 419 ¨ 443 ¨ pp21pt` 1q2t`1q.
Lemma 2.5 implies that t ď 9. Thus Lemma 4.3(ii) implies
a ď q3,10 “ 139, b ď q3,11 “ 163
and Lemma 4.3(i) implies that L represents at least 13 primes in the set
tq3,i : 1 ď i ď 22u.
One may easily check that
ψ3p139, 163; 22q “ 12.
Note that pa, bq ‰ p1, 2q by the assumption that
1 XÝÑ xa, b, cy over Z2.
Thus xa, by is not P p8, 3q-universal and thus we may use Lemma 4.3(iv) with h “ 9
and s “ 22 to get c ď q3,22 “ 443. From this follows that
p1p2 ¨ ¨ ¨ pt ď abc ď 139 ¨ 163 ¨ 443.
Lemma 2.5 implies t ď 7. Now Lemma 4.3(ii) implies
a ď 107, b ď 131
and Lemma 4.3(i) implies that L represents at least 13 primes in the set
tq3,i : 1 ď i ď 20u.
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Since
ψ3p107, 131; 20q “ 12 and pa, bq ‰ p1, 2q,
we have c ď q3,20 “ 379 by Lemma 4.3(iv). Note that q3,1q3,2q3,3 “ 3 ¨ 11 ¨ 19 ą 379
and q3,2q3,3 ą 131. From this and the stability of xa, b, cy, one may easily deduce
that |ti : q3,i|abcu| ď 5. Thus t3 ď 5 and now Lemma 4.3(ii) implies that
a ď 67, b ď 83
and Lemma 4.3(i) implies that L represents at least 10 primes in the set
tq3,i : 1 ď i ď 15u.
One may easily show that
ψ3p67, 83; 15q “ 9.
Since pa, bq ‰ p1, 2q, we have c ď 251 by Lemma 4.3(iv). Similarly with above, one
may easily deduce that
|ti : q3,i|abcu| ď 4.
Now Lemma 4.3(ii) implies
a ď 59, b ď 67
and Lemma 4.3(i) implies that L represents at least 8 primes in the set
tq3,i : 1 ď i ď 12u.
Since
ψ3p59, 67; 12q “ 7 and pa, bq ‰ p1, 2q,
we have c ď 179 by Lemma 4.3(iv). Now with the help of computer, one may
easily check that pa, b, cq P tp3, 4, 7q, p5, 6, 8qu or L is regular. This completes the
proof. 
Since the proofs of the following two lemmas are quite similar to the proof of
Lemma 4.5, we omit what lemma we use in the proofs.
Lemma 4.6. Assume that, over Z2, L “ xa, b, cy does not represent 1 and 3 and
does represent 5. We have pa, b, cq “ p2, 5, 24q or L is regular.
Proof. Since t ď 20, we have
a ď q5,21 “ 389 and b ď q5,22 “ 397.
This implies that
p1p2 ¨ ¨ ¨ pt ď abc ă 389 ¨ 397 ¨ pp21pt` 1q2t`1q.
So we have t ď 9 and it follows that a ď 157 and b ď 173. Since
ψ5p157, 173; 26q “ 16 and pa, bq R tp1, 1q, p1, 4qu,
we have c ď 541. It follows that
p1p2 ¨ ¨ ¨ pt ď abc ď 157 ¨ 173 ¨ 541
and thus t ď 7. This implies that a ď 109 and b ď 149. Note that
q5,1q5,2q5,3 “ 5 ¨ 13 ¨ 29 ą 541 and q5,2q5,3 ą 149.
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From this, one may deduce that
|ti : q5,i|abcu| ď 4
and thus we have t5 ď 4. Now a ď 53, b ď 61 and L represents at least 9 primes in
the set tq5,i : 1 ď i ď 13u. It follows from
ψ5p53, 61; 13q “ 8 and pa, bq R tp1, 1q, p1, 4qu,
that c ď q5,13 “ 197. With the help of computer, one may easily show that
pa, b, cq “ p2, 5, 24q or L is regular. This completes the proof. 
Lemma 4.7. Assume that 7 is represented by L “ xa, b, cy over Z2. Then at least
one element in the set t1, 3, 5u is also represented by L over Z2 or L is regular.
Proof. Since t ď 20, we have
a ď q7,21 “ 431 and b ď q7,22 “ 439.
It follows that
p1p2 ¨ ¨ ¨ pt ď abc ă 431 ¨ 439 ¨ pp21pt` 1q2t`1q
and thus we have t ď 9. Now a ď 167, b ď 191 and L represents at least 12 primes
in the set
tq7,i : 1 ď i ď 21u.
Since there is no P p8, 7q-universal diagonal binary quadratic form and
ψ7p167, 191; 21q “ 11,
we have c ď 431. From this follows that
p1p2 ¨ ¨ ¨ pt ď abc ď 167 ¨ 191 ¨ 431
and thus we have t ď 7. Now a ď 127, b ď 151 and L represents at least 10 primes
in the set
tq7,i : 1 ď i ď 17u.
Since
ψ7p127, 151; 17q “ 9,
we have c ď q7,17 “ 311. From
q7,1q7,2 “ 7 ¨ 23 ą 151 and q7,1q7,2q7,3 “ 7 ¨ 23 ¨ 31 ą 311
follows that t7 ď 4. Now we have a ď 71, b ď 79 and L represents at least 8 primes
in the set
tq7,i : 1 ď i ď 12u.
Since
ψ7p71, 79; 12q “ 7,
we have c ď 199. Now with the help of computer, one may show that either pa, b, cq
is one of the above 8 triples appeared in Lemmas 4.4-4.6 or L is regular. This
completes the proof. 
By Lemmas 4.4-4.7, there are only 8 candidates for diagonal stable odd-regular
ternary quadratic forms which are not regular. We prove that all of them are indeed
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odd-regular. Before that, we need some preparation concerning representations of
an arithmetic progression by a ternary quadratic form. The following approach was
introduced in [12] and some modifications have been made in [14] and [4]. Let l be
a positive integer and r be a nonnegative integer such that r ă l. Let N and K be
ternary Z-lattices and we put
RpN, l, rq “
!
v P pZ{dZq3 : vtMNv ” r pmod lq
)
and
RpK,N, lq “  T PM3pZq : T tMKT “ l2MN( ,
where MN and MK are the matrix presentation of N and K, respectively. We say
that an element v P RpN, l, rq is good with respect to K,N, l and r if there is a
matrix T P RpK,N, lq such that 1
d
Tv P Z3. We put
RKpN, l, rq “ tv P RpN, l, rq : v is goodu .
If RpN, l, rq “ RKpN, l, rq, then we write
N ăl,r K.
We here introduce two results in [12] and [4] for the convenience of the reader.
Lemma 4.8. Under the same notations given above, assume that N ăl,r K. Then
we have
Sl,r XQpNq Ă QpKq.
Proof. See [12, Theorem 2.3]. 
The following lemma is [4, Theorem 2.3] and will be used in Section 5. For a vec-
tor v P Z3, we denote by v pmod lq the image of v under the natural homomorphism
Z3 Ñ pZ{lZq3.
Lemma 4.9. Under the same notations given above, assume that there is a par-
tition RpN, l, rq ´ RKpN, l, rq “ pP1 Y ¨ ¨ ¨ Y Pkq Y pĂP1 Y ¨ ¨ ¨ Y ĂPk1q satisfying the
following properties: for each Pi, there is a Ti PM3pZq such that
(i) 1
l
Ti is of infinite order;
(ii) T tiMNTi “ l2MN ;
(iii) for any vector v P Z3 such that v pmod lq P Pi,
1
l
Tiv P Z3 and 1
l
Tiv pmod dq P Pi YRKpN, l, rq
and for each ĂPj, there is a ĂTj PM3pZq such that
(i) ĂTjtMNĂTj “ l2MN ;
(ii) for any vector v P Z3 such that v pmod lq P ĂPj,
1
l
ĂTjv P Z3 and 1
l
ĂTjv pmod lq P P1 Y ¨ ¨ ¨ Y Pk YRKpN, l, rq.
Then we have
pSl,r XQpNqq ´ Yki“1gpziqS Ă QpKq,
where the vector zi is any integral primitive eigenvector of Ti, S is the set of squares
of integers, and gpziqS “ tgpziqn2 : n P Zu.
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Theorem 4.10. There are exactly 8 diagonal stable odd-regular ternary quadratic
forms which are not regular.
Lp1q “ x1, 4, 5y, Lp2q “ x1, 2, 24y, Lp3q “ x1, 6, 8y, Lp4q “ x1, 5, 12y,
Lp5q “ x1, 4, 21y, Lp6q “ x3, 4, 7y, Lp7q “ x2, 5, 24y, Lp8q “ x5, 6, 8y.
Proof. It only remains to prove the odd-regularities of the 8 forms. Note that the
class number hpLpiqq of Lpiq is two for any 1 ď i ď 8. For each 1 ď i ď 8, we
denote the other Z-lattice in the genus of Lpiq by Mpiq so that
genpLpiqq “ tLpiq,Mpiqu.
First, assume that i P t1, 2, 5, 7, 8u. If 2n` 1 ÝÑ Mpiq, then one may easily show
that there is a sublattice Kpiq of Mpiq such that
2n` 1 ÝÑ Kpiq ÝÑ Lpiq,
and for example one may take Kpiq as follows.
Mp1q “ x1, 1, 20y, Kp1q “ x1, 4, 20y,
Mp2q “
ˆ
3 1
1 3
˙
K x6y, Kp2q “
ˆ
3 2
2 12
˙
K x6y,
Mp5q “ x1, 1, 84y, Kp5q “ x1, 4, 84y,
Mp7q “
ˆ
7 3
3 7
˙
K x6y, Kp7q “
ˆ
7 6
6 28
˙
K x6y,
Mp8q “
ˆ
11 1
1 11
˙
K x2y, Kp8q “
ˆ
11 2
2 44
˙
K x2y.
Second, assume that i “ 3. Note that
Mp3q “ x2y K
ˆ
4 2
2 7
˙
.
and one may easily check that
Mp3q ăl,r Lp3q
for each pair pl, rq P tp4, 1q, p4, 3qu. Thus by Lemma 4.8, we have
S2,1 XQpMp3qq Ă QpLp3qq,
and this proves the odd-regularity of Lp3q. Third, assume that i “ 4. Note that
Mp4q “
¨˝
2 0 1
0 4 2
1 2 9
‚˛
and one may check that
Mp4q ăl,r Lp4q
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for each pair pl, rq P tp4, 3q, p8, 1q, p8, 5qu. From this follows the odd-regularity of
Lp4q. Last, in the case of i “ 6,
Mp6q “
¨˝
2 1 1
1 7 0
1 0 7
‚˛
and one may use three pairs
pl, rq “ p4, 1q, p8, 3q, p8, 7q
to show the odd-regularity of Lp6q. This completes the proof. 
Remark 4.11. Note that there are exactly 45 diagonal stable regular ternary qua-
dratic forms (for this, see [3]). It follows from this and Theorem 4.10 that there
are exactly 53 diagonal stable odd-regular ternary quadratic forms. One may easily
check that if a prime p divides the discriminant of a diagonal stable odd-regular
ternary quadratic form, then p P t2, 3, 5, 7u.
5. Diagonal odd-regular ternary quadratic forms
In this section, we prove that there are at most 37 diagonal odd-regular ternary
quadratic forms which are not stable and not regular. And we show the odd-
regularities of 31 forms among 37 candidates. We first introduce the notion of
missing primes. Let xa1, b1, c1y be a diagonal odd-regular ternary quadratic form
and let xa, b, cy be the stable odd-regular ternary quadratic form obtained from
xa1, b1, c1y by taking λq transformations, if necessary, repeatedly. It might happen
that there is an odd prime divisor l of a1b1c1 which does not divide abc. We call such
an odd prime l a missing prime. Note that λp ˝ λq “ λq ˝ λp for any odd primes p
and q. Thus if l is a missing prime, then one of the following holds;
(i) xa, l2b, l2cy is odd-regular;
(ii) xa, b, l2cy is odd-regular and
ˆ´ab
l
˙
“ ´1.
Lemma 5.1. There is no missing prime greater than 7.
Proof. Let l be a missing prime. First, assume that the quadratic form xa, l2b, l2cy
is odd-regular, where pabc, lq “ 1 and xa, b, cy is stable odd-regular. We assert that
l ă 157. Assume to the contrary that l ě 157. We take an integer α P t1, 3, 5, 7u
such that α ÝÑ xa, l2b, l2cy over Z2. Recall that for an odd prime p, ∆p is a fixed
non-square unit in Zp. Note that
tγ P Zp : γ XÝÑ x1,´∆py K xpǫpyu “
!
p2k´1ǫp∆p
`
Zˆp
˘2
: k P N
)
for any odd prime p and an element ǫp P Zˆp . From this, one may easily show thatˇˇ 
0 ď n ď l ´ 1 : 8n` α XÝÑ xa, l2b, l2cy over Zp
(ˇˇ ď p` 1
2
R
l
p2
V
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for any odd prime p ‰ l, where r¨s is the ceiling function. Thus we have
|t0 ď n ď l´ 1 : 8n` α XÝÑ xa, l2b, l2cy over Zpu| ď
$’’’’’’’’’’’&’’’’’’’’’’’%
2
R
l
9
V
if p “ 3,
3
R
l
25
V
if p “ 5,
4
R
l
49
V
if p “ 7,
l` 1
2
if p “ l.
From Theorem 4.10, one may check that the set of odd primes at which the stable
odd-regular quadratic form xa, b, cy is anisotropic is
H, t3u, t5u, t3, 5u or t3, 7u.
By the assumption that l ě 157, we have 3
25
l ` 3 ą 4
49
l ` 4. Thus we have
ˇˇ 
0 ď n ď l ´ 1 : 8n` α ÝÑ genpxa, l2b, l2cy(ˇˇ ě Rl ´ ˆ2
9
l ` 2` 3
25
l ` 3` l ` 1
2
˙V
.
On the other hand, one may easily show thatˇˇ 
0 ď n ď l´ 1 : 8n` α ÝÑ xa, l2b, l2cy(ˇˇ ď „?2l` 1
2

,
where r¨s is the greatest integer function. From the assumption that l ě 157, one
may easily check thatR
l ´
ˆ
2
9
l ` 2` 3
25
l ` 3` l ` 1
2
˙V
ą
„?
2l ` 1
2

and this is absurd. So we have l ă 157. With the help of computer, one may check
that the quadratic form xa, l2b, l2cy is not odd-regular for any 11 ď l ď 151 and
any stable odd-regular form xa, b, cy.
Second, assume that the quadratic form xa, b, l2cy is odd-regular, where a ď b,
pabc, lq “ 1 and xa, b, cy is stable odd-regular. From Theorem 4.10, one may check
that pa, bq is one of the following 54 pairs;
p1, bq, b P t1, 2, 3, 4, 5, 6, 8, 10, 12, 16, 21, 24, 32, 40, 48, 64u,
p2, bq, b P t2, 3, 4, 5, 6, 8, 10, 16, 24, 32u,
p3, bq, b P t4, 7, 8, 10u,
p4, bq, b P t4, 5, 6, 7, 8, 12, 16, 21, 24u,
p5, bq, b P t6, 8, 12, 24u,
p6, bq, b P t8, 16u,
p8, bq, b P t8, 16, 24, 32, 40, 64u,
p16, bq, b P t16, 24, 48u.
We assert that l ď 29. Assume to the contary that l ą 29. Fix an integer α P
t1, 3, 5, 7u such that α ÝÑ genpxa, b, l2cyq. For each η P t1, 3, 5, 7u, we define a set
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Eη as
E1 “ t1, 11 ¨ 19, 13 ¨ 29u, E3 “ t11, 11 ¨ 17, 13 ¨ 23u,
E5 “ t13, 13 ¨ 17, 11 ¨ 23u, E7 “ t23, 11 ¨ 13, 17 ¨ 23u.
Note that Eη consists of positive integers congruent to η modulo 8 and that any
element in it is not divisible by any odd prime p satisfying p ď 7 or p ě 31. From this
and Remark 4.11, every element of Eα must be represented by genpxa, b, l2cyq. By
the odd-regularity of xa, b, l2cy, every element of Eα is represented by the quadratic
form xa, b, l2cy itself. Since l ą 29, we have that every element of Eα must be
represented by xa, by. With the help of computer, one may easily check that for
any η P t1, 3, 5, 7u and for any pa, bq of the 54 pairs given above, there is an element
e P Eη which is not represented by the binary quadratic form xa, by. This is a
contradiction and we showed the assertion. Now with the help of computer, one
may easily check that xa, b, l2cy is not odd-regular for any odd prime 11 ď l ď 29 and
for any diagonal stable odd-regular ternary quadratic form xa, b, cy. This completes
the proof. 
Remark 5.2. It follows from Remark 4.11 and Lemma 5.1 that if a prime p di-
vides the discriminant of a diagonal odd-regular ternary quadratic form, then
p P t2, 3, 5, 7u.
Following the method described right after Remark 4.2 in [8], one may get the
list of 147 candidates for diagonal odd-regular ternary quadratic forms including
102 regular forms and 8 stable odd-regular forms in Theorem 4.10. So we have
Theorem 5.3. There are at most 147 diagonal odd-regular ternary quadratic forms.
The remaining 37 candidates Lpiq p1 ď i ď 37q are listed in Table 4. In the
table, the 6 forms whose odd-regularities are not proved in this article are marked
with :.
Table 4. 37 candidates for diagonal odd-regular ternary quadratic forms
Lp1q “ x1, 1, 36y, Lp2q “ x1, 4, 9y, Lp3q “ x1, 5, 20y,
Lp4q “ x2, 3, 24y, Lp5q “ x3, 6, 8y, Lp6q “ x1, 3, 54y:,
Lp7q “ x3, 4, 15y, Lp8q “ x1, 12, 21y, Lp9q “ x3, 7, 12y,
Lp10q “ x1, 5, 60y, Lp11q “ x1, 9, 36y, Lp12q “ x3, 4, 27y,
Lp13q “ x1, 6, 72y, Lp14q “ x1, 18, 24y, Lp15q “ x2, 3, 72y,
Lp16q “ x2, 9, 24y, Lp17q “ x6, 8, 9y, Lp18q “ x1, 5, 100y:,
Lp19q “ x1, 12, 45y, Lp20q “ x5, 9, 12y, Lp21q “ x1, 21, 28y,
Lp22q “ x3, 7, 28y, Lp23q “ x2, 15, 24y, Lp24q “ x6, 8, 15y,
Lp25q “ x3, 15, 20y, Lp26q “ x1, 9, 108y:, Lp27q “ x1, 16, 72y:,
Lp28q “ x1, 10, 120y, Lp29q “ x1, 30, 40y, Lp30q “ x1, 21, 84y,
Lp31q “ x3, 7, 84y, Lp32q “ x1, 45, 60y, Lp33q “ x5, 9, 60y,
Lp34q “ x1, 24, 144y:, Lp35q “ x3, 10, 120y, Lp36q “ x3, 30, 40y,
Lp37q “ x3, 8, 216y:.
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Proposition 5.4. The quadratic form x2 ` y2 ` 36z2 represents every integer
congruent to 5 modulo 6 which is represented by the quadratic form 8x2 ` 9y2 `
20z2 ` 8xz.
Proof. We use Lemma 4.9 with
K “ x1, 1, 36y, N “
¨˝
8 0 4
0 9 0
4 0 20
‚˛
and l “ 3, r “ 2. One may easily check that RpN, l, rq ´RKpN, l, rq “ t˘p1, 0, 0qu.
By taking k “ 1, P1 “ t˘p1, 0, 0qu and
τ1 “ 1
3
¨˝
3 1 2
0 ´1 4
0 ´2 ´1
‚˛,
one may easily show that all the conditions in Lemma 4.9 are satisfied. Note that
kerpτ1´Iq “ xp1, 0, 0qy and thus it follows that every positive integer congruent to 2
modulo 3 which is not of the form 8k2pk P Zq is represented by K. The proposition
follows immediately from this. 
Proposition 5.5. The diagonal ternary quadratic form Lp1q “ x1, 1, 36y is odd-
regular.
Proof. Let n be a nonnegative integer such that 2n` 1 ÝÑ genpLp1qq. Note that
the class number hpLp1qq of Lp1q is two and
genpLp1qq “ tLp1q,Mp1q “ x1, 4, 9yu .
We may assume that 2n ` 1 ÝÑ x1, 4, 9y and thus there is a vector px, y, zq P Z3
such that
x2 ` 4y2 ` 9z2 “ 2n` 1.
We may assume that x ” 0 pmod 2q since otherwise, we have z ” 0 pmod 2q and
from this follows that
2n` 1 ÝÑ x1, 4, 36y ÝÑ x1, 1, 36y.
If we write x “ 2x1, then 4x12 ` 4y2 ` 9z2 “ 2n ` 1. We may assume that
2n ` 1 ” 2 pmod 3q since otherwise, we have x1y ” 0 pmod 3q and it follows
that
2n` 1 ÝÑ x4, 9, 36y ÝÑ x1, 1, 36y.
Thus we have x1y ı 0 pmod 3q and we may assume that x1 ” y pmod 3q. If we let
x1 “ x1, y1 “ z and z1 “ x
1 ´ y
3
, then we have
2n` 1 “ 4x12 ` 4y2 ` 9z2
“ 4x21 ` 4px1 ´ 3z1q2 ` 9y21
“ 8x21 ` 36z21 ` 9y21 ´ 24x1z1
“ 8px1 ´ 2z1q2 ` 9y21 ` 20z21 ` 8px1 ´ 2z1qz1.
Now the proposition follows immediately from Proposition 5.4. 
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Proposition 5.6. The quadratic form 2x2 ` 3y2 ` 72z2 represents every integer
congruent to 1 modulo 4 which is represented by the quadratic form 2x2`3y2`18z2.
Proof. We let
K “ x2, 3, 72y, N “ x2, 3, 18y
and l “ 4, r “ 1. One may easily check that
RpN, l, rq ´RKpN, l, rq “ t˘p0, 1, 1q,˘p0, 1, 3q,˘p2, 1, 1q,˘p2, 1, 3qu .
By taking k “ k1 “ 1, P1 “ t˘p0, 1, 1q,˘p2, 1, 3qu, P˜1 “ t˘p0, 1, 3q,˘p2, 1, 1qu and
τ1 “ 1
4
¨˝
1 3 9
´2 ´2 6
´1 1 ´1
‚˛, rτ1 “ 1
4
¨˝
1 ´3 9
´2 2 6
´1 ´1 ´1
‚˛,
one may easily show that all the conditions in Lemma 4.9 are satisfied. Note that
kerpτ1 ` Iq “ xp0,´3, 1qy. It follows that every positive integer congruent to 1
modulo 4 which is not of the form 45k2pk P Zq is represented by K. Since K does
represent 45 as 2 ¨ 32 ` 3 ¨ 32 “ 45, we have the proposition. 
Proposition 5.7. The diagonal ternary quadratic form Lp15q “ x2, 3, 72y is odd-
regular.
Proof. Let n be a nonnegative integer such that 2n` 1 ÝÑ genpLp15qq. Note that
the class number hpLp15qq of Lp15q is two and
genpLp15qq “ tLp15q,Mp15q “ x3, 8, 18yu .
We may assume that 2n` 1 ÝÑ x3, 8, 18y and thus there is a vector px, y, zq P Z3
such that
3x2 ` 8y2 ` 18z2 “ 2n` 1.
If n ” 1 pmod 2q, then we have z ” 0 pmod 2q and thus 2n` 1 “ 2p2yq2 ` 3x2 `
72
´z
2
¯2
and we are done. Now we may assume that n ” 0 pmod 2q and thus 2n`1
is congruent to 1 modulo 4. Since
2n` 1 ÝÑ x3, 8, 18y ÝÑ x2, 3, 18y,
the proposition follows from Proposition 5.6. 
Theorem 5.8. In Table 4, Lpiq is odd-regular if i R t6, 18, 26, 27, 34, 37u.
Proof. The cases when i P t1, 15u are treated in Propositions 5.5,5.7. Consider the
case when i “ 2. Note that hpLp2qq “ 2 and
genpLp2qq “ tLp2q,Mp2q “ x1, 1, 36yu.
Assume that 2n` 1 ÝÑ Mp2q. Then there is a vector px, y, zq P Z3 such that
2n` 1 “ x2 ` y2 ` 36z2.
Since xy ” 0 pmod 2q, we have 2n ` 1 ÝÑ x1, 4, 36y. Thus 2n ` 1 ÝÑ x1, 1, 36y.
The case when i “ 11 may be shown in a similar manner. Next, let i “ 12. Note
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that hpLp12qq “ 2 and
genpLp12qq “ tLp12q,Mp12q “
ˆ
7 2
2 16
˙
K x3yu.
Assume that 2n` 1 ÝÑ Mp12q. One may easily check that this implies 2n` 1 ”
0 pmod 3q or 2n` 1 ” 7 pmod 12q. Now one may check that Mp12q ăl,r Lp12q for
three pairs of
pr, lq “ p3, 0q, p24, 7q, p24, 19q.
Thus it follows from Lemma 4.8 that 2n ` 1 ÝÑ Lp12q. The case when i P
t13, 14, 16, 17, 19, 20umay be shown in a similar manner as follows. By using Lemma
4.8 with pairs
pl, rq “
#
p4, 1q, p4, 3q if i P t13, 14, 16, 17u,
p8, 1q, p8, 5q if i P t19, 20u,
one may show that every odd integer which is represented by Mpiq is represented
by Lpiq. For the remaining cases, that is
i P t3, 4, 5, 7, 8, 9, 10, 21, 22, 23, 24, 25, 28, 29, 30, 31, 32, 33, 35, 36u,
one may check that Lpiq can be obtained from a diagonal ternary quadratic form
which is already proved to be odd-regular by taking λp-transformations several
times for some odd primes p P t3, 5, 7u. Moreover, one may see that the odd-
regularity is preserved during taking the λp-transformation. This completes the
proof. 
Remark 5.9. Each of the remaining 6 candidates
Lp6q “ x1, 3, 54y, Lp18q “ x1, 5, 100y, Lp26q “ x1, 9, 108y,
Lp27q “ x1, 16, 72y, Lp34q “ x1, 24, 144y, Lp37q “ x3, 8, 216y
is checked to represent all locally represented odd positive integers up to 108 ´ 1
by computer.
On the other hand, we may call a ternary Z-lattice L even-regular if it is S2,0-
regular.
Theorem 5.10. Let L be a ternary Z-lattice such that spLq “ Z. Then L is
even-regular if and only if λ2pLq is regular.
Proof. Since spLq “ Z, we have
Λ2pLq “ tx P L : Qpxq ” 0 pmod 2qu
and it is well known that the local structure Λ2pLqq of Λ2pLq over Zq for a prime
q is
Λ2pLqq “
#
tx P L2 : Qpxq P 2Z2u if q “ 2,
Lq otherwise
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Since npΛ2pLqq is 2Z or 4Z, we let k P t2, 4u so that npΛ2pLqq “ kZ. With these
facts, one may easily show the following two equivalences;
n ÝÑ λ2pLq
ô kn ÝÑ Λ2pLq
ô kn ÝÑ L
and
n ÝÑ genpλ2pLqq
ô kn ÝÑ genpΛ2pLqq
ô kn ÝÑ genpLq.
The theorem follows immediately from this. 
Remark 5.11. Note that the condition spLq “ Z in Theorem 5.10 is necessary. For
example, consider L “ x2y K
ˆ
1 1
2
1
2
2
˙
. One may easily check that L is even-regular
but λ2pLq » x1y K
ˆ
2 1
1 4
˙
is not regular.
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